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Abstract-In this paper, we present the details of a new method which is a hybrid method of 
MF-BDF and MEBDF. To obtain this new method which we call MF-MEBDF, we compose the 
matrix free properties of the first method and the accuracy of MEBDF, elaborately. Application of 
this new method to some important stiff problems show that MF-MEBDF is generally faster than 
MEBDF and more accurate than MF-BDF and MEBDF. Since in MEBDF, the LU factorization is 
used, we expect MF-MEBDF to be more efficient than the other two methods for large stiff systems 
of ODEs. @ 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 

Let us consider the following system: 

Y’ = f(k YL Y@o) = Yo 0.1) 

and assume it is stiff. In the BDF scheme (Backward Differentiation Formulae), we have 

Y?l = 2 QjYn-j + &f(L, Yn), 
j=l 

(1.2) 

where q is the order of the scheme and the values of coefficients oj and & are given in [l]. 

From (1.2), see [2], we have the following system of nonlinear equations to be solved: 

WA) = % - hf@,, an + Pqzn) = 0, (1.3) 

where a,, = cjQzo qyn-j and z, = hf(tn, yn). Usually, to solve a system like (1.3), a modified 

Newton method is used. Then a direct method is usually used to solve any resulting system 

of linear equations. Hence, in each step, there is a need to obtain the Jacobian matrix and its 

related decomposed matrices. Thus causing more computational cost and running time. In the 

MF-BDF scheme, the Jacobian matrix is not used explicitly, because the inexact Newton method 
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is used and then the IOM algorithm [3] is applied to solve the resulting system of linear equations. 

Two times modifications of the BDF scheme by Cash led to the EBDF method [4] and MEBDF 

method [5]. We apply, somehow, the same modifications to the MF-BDF scheme to obtain a new 

method which we call MF-MEBDF. As numerical results show, we expect this new method to 

be more accurate than MF-BDF and accurate and faster than MEBDF. In Section 2, the IOM 

algorithm is presented. In Section 3, the details of MF-BDF and all the required preparations 

for MF-MEBDF are explained. In Section 4, we give some numerical experiments on some stiff 

ODES. In Section 5, we give some numerical results for PDEs. 

2. THE IOM ALGORITHM 

The IOM algorithm is an iterative method for the solution of a linear system and does not 

require the storage of the coefficient matrix in any form. This method is mainly based on the use 

of a Krylov-subspace projection method. Let us consider the system of linear equation 

Ax = b, (2.1) 

whereAisannxnmatrixandV, = [vi,vz,..., v,] is a system of m linearly independent vectors 

in Rn. The projection method on the subspace K, = span {VI, ~2,. . . , v,} finds an approximate 

solution zcn) of (2.1) in such a way that 

x@) E K,, (Axm - b)lvj, j = 1,2,. . . , m. (2.2) 

If we let rc to be the initial residual TO = b - Ax0 and set K,,, equal to the Krylov subspace 

Km = span (r-0, AT-O,. . . , A’+%-,} , 

then we have a Krylov-subspace projection method. Assume x = xc + z, then it follows 

Az=ro (2.3) 

and the method finds an approximate solution zm of (2.3) by requiring that 

P E Km, (AP - ro)lvj, j = 1,2 ,..., m, 

where V, = {VI, VZ, . . . , v,} is an orthogonal basis of K,,,. Writing .zcrn) = V,y(“‘), ytm) E Rtm), 

we have 

V,TAV,y@) = V,Tro, (2.4) 

which is a system of m linear equations. We next see an algorithm which is given by Arnoldi [3]. 

In this method, an algorithm basis V, = {VI, ~2, . . . , v,} of K,,, is constructed such that V,‘AV, 
has Hessenberg form. 

ALGORITHM 1. 

1. Compute TO = b - Ax0 and set v1 = re/]]rc]] 

2.forj=1,2 ,..., mdo 

hj = (Avj,vj), 

W = Avj - 2 hijvj, 
i=l 

b+l,j = IIWIJ, 

W 

vj+l = hj+l,j’ 

(2.5) 

(2.6) 
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THEOREM 1. 

(a) The system of vectors {WI, ~2,. . . , v,} obtained in Algorithm 1 is an orthogonal basis of 

subspace K, = span {To, Aro,. . . , Am-%-~}. 
(b) The matrix H,,, = VLAV, is an upper m x m Hessenberg matrix in which the nonzero 

entries are obtained from (2.5) and (2.6). 

Hence, system (2.4) is simply 
Hnytrn) = Del, (2.7) 

where p = Ilr~ll. Therefore, the approximate solution zcrn) is as follows: 

ztrn) = 20 + PV,H;lel. (2.8) 

From Algorithm 1, we have 

Avj = VjHj + hj+l,jvj+leT, 

which results 
pj = 

II 
b-A&) 

II 
=h. 3+1 j ejTy(j) 

$1 I. 

Thus, we can use this result as our stopping criterion in Algorithm 1. 

In Algorithm 1 as j gets large, a considerable amount of the work involved is in making the 

vector Vj+l orthogonal to all the previous vectors ~1,212, . . . , tJj* But in the IOM, the vector vj+lis 

only required to be orthogonal to the previous p vectors vj+l_p, . . . , vj, clearly p < j 5 m. This 
method differs from Algorithm 1 (Arnoldi method) just in the computation of W, 

io = max(1, j + 1 - p), 

j 
W = Avj - c hijvi, 

i=io 

for more details, see [3]. 

3. THE MF-MEBDF METHOD 

To be able to explain this method in detail, we need to give a brief of MF-BDF and MEBDF. 

3.1. MF-BDF Method 

In the first section, we observed that the solution of system of ODES (1.1) reduced to the 

solution of the following system of (generally) nonlinear equations: 

After applying a modified Newton method, we have 

In each step, we predict a value yi”’ using a suitable one-step method say, one of the Runge-Kutta 
methods, and then using this value, we predict x, co). Hence, the first system of linear equations 

to be solved in the nth step is Ax = b where 

A = F’ (do)) = I - h&J (tn, y$“) , 

b = -F (x(O)) = hf (t,, yi”) - x(O). 
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It is important to notice that to apply the IOM to solve the linear system AZ = b, the matrix 

of A is not needed explicitly, only the action of A times a vector v is necessary. By using the 

relation A = I - h&J, this means we require values of the product Jv where J = J(tn, YL”). 

For Jv, an approximation is made using the difference quotient 

Jv N f(L, Yn + au) - f(L, Yn) 
u 

for a suitably chosen scalar cr. Note that if f(t,,, yn) has been saved, then this only requires one 

additional f evaluation. Therefore, in the IOM algorithm we must do 

Sij = (Jvj, vi), 

j 

Uj+l= Jvj - c Z?ij%, 
i=i0 

Sj+l,j = II~j+lll, 
Ilj+l 

Vj+l = - 
Sj+l,j ’ 

where 6i.j is the Kronecker 

MF-BDF ALGORITHM. 

1. Predict yi”’ and 5;‘. 

hij = 6, - h@qgij, io<i<j+1, 

delta. 

2. k = 0 and evaluate the vector of f(tn, y;“). 

3. Evaluate the vector b as stated. 

4. Apply the IOM. 

(a) If the algorithm failed and k = 0 and max(1, [IF,,(z~~))I~) < pm then h 

(b) If the algorithm failed and k > 0 and pm > 1 then h c h/2 
&+I) (c) Otherwise, compute zn . 

5. Test the convergence of the Newton method. 

6. If the test failed 

(a) Change k into k + 1. 

(b) If k < 3 then compute f(tn, y?)) and goto 3. 

(c) If k = 3 then h c h/2 and goto 1. 

7. If test not failed compute y,, and goto (n + l)th step. 

3.2. The MEBDF Method 

Suppose the value yn+k at the points x,+j, 0 5 j 5 k - 1 are computed. 

STAGE 1. Using the k-step BDF scheme evaluate gn+k 

k-l 

yn+k - hbkfn+k = - c bjYn+j. 
j=O 

STAGE 2. Compute v,,+~+~ by solving the following algebraic equation: 

k-2 
1 

Yn+k+l - hhfn+k+l = -bk-lih+k - c hjYn+j+l. 

j=O 

STAGE 3. Evaluate 

%z+k = f bn+k, &+k), 

%+k+l = f (tn+k+l, &+k+l 1. 

c h/2 and goto 1. 
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STAGE 4. Compute yn+k as the solution of 

k-l 

Yn+k - @kfn+k = - cEjjYn+j + h (a - bk) Tn+k + @k+lJn+k+l. 

j=O 

The formula coefficients pi, bi,&, and &i, are defined by Cash [4]. 

Finally, we explain our new method MF-MEBDF scheme. In this method, we apply MF-BDF 

method instead of BDF scheme in the first and second stage of MEBDF. In the fourth stage of 

the algorithm, we take the same steps as in MF-BDF, with two additional terms, to compute 

&+k. So in this new approach, we are not required to compute and use the Jacobian matrix 

explicitly and also do not need any LU factorization as MEBDF needs. Hence, in each step, we 

have a substantial reduction in computation. In the fourth stage, we require a predicted value 

yn+k for which we can take it to be the same value &+k obtained in the first stage. 

In this new algorithm, we suggest the use of nth step value of yn+k+r, obtained in the second 

stage of this scheme, as a good predicted value to be used in the first stage of (n + l)th step. As 

the predicted value yn+k may have sufficient accuracy, perhaps it dos not need any correction. 
Therefore, by comparing ]]b]] and +Z before starting the fourth stage, we can decide whether to go 

to the fourth stage or to (n + l)th step. With these arrangements mentioned above, we expect 

MF-MEBDF to perform much better than MF-BDF and MEBDF. Our numerical results will 

confirm this expectation. 

4. ODE’S NUMERICAL RESULTS 

In this section, we present some of the numerical results obtained using our MF-MEBDF 

scheme and then for comparison purposes, we also list the results obtained using MF-BDF and 

MEBDF. 

We feel it is important to point out that we have programmed those methods in Pascal and 

applied those codes without any software optimization and we feel that optimized implementation 

of these code also show the same points we wish to emphasize. We run these three codes on a 

pentium 133 operating under DOS. As it is not easy to give a coherent presentation of the results 

from all the runs we have done, we give some results from selected problems. 

EXAMPLE 1. We consider the following system which has been considered by Lambert (11: 

Y’ = AY, Y(O) = (170, -VT, 

where 

A= 

Its exact solution is as follows: 

yl(t) = ;c2, + pot (cos 40t + sin 40t), 

yz(t) = ie-” - ~e-401(cos 40t + sin 40t), 
2 

ys(t) = -ee40t( cos 40t - sin 40t). 

The stiffness ratio is 20. 

In Table 1, we list the error of integration, using MF-BDF, MEBDF, and MF-ME 

running time at some selected points. As can be seen from Table 1, the MF-MEB. 
considerably more accurate than the MEBDF and MF-BDF. In terms of running tin 
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Table 1. 

t Y 

Yl 

0.25 y2 

Y3 

Yl 

0.50 y2 

Y3 

Yl 

0.75 y2 

Y3 

Yl 

1.0 Y2 

Y3 

Yl 

20.0 y2 

Y3 

Exact Solution 
l- MF-MEBDF l- MF-BDF I MEBDF I 

Time Error 1 Time 1 Error I Time I 
3.03233933701962EOl 

3.03296726010671EOl 

1.339526826208533-05 

1.83939721947141EOl 

1.839397192243OlEOl 

1.04060059066646EO9 

1.115650800741763-01 

1.115650800742543-01 

-1.0689054329996E13 

6.766764161830643-02 

6.76676416183064EO2 

5.99889381823253E18 

2.12417712764579E18 

2.12417712764579E18 

4.92264406784903-348 

Error 

0.333-13 

0.333-13 

O.lOE12 

0.423-16 

0.523-16 

0.463-17 

0.293-16 

0.293-16 

0.633-20 

0.18E16 

0.18E16 

0.423-20 

0.253-31 

0.253-31 

0.3E346 

.08 0.833-06 0.793-06 

0.13E06 

1 .06 1 ifl;! 1 .14 1 

.17 

.31 

0.493-06 0.92ElO 

0.493-06 .15 0.91ElO .22 

0.59Ell 0.28ElO 

0.293-06 0.15ElO 

0.293-06 .27 0.15ElO .77 

0.17E15 O.lOE12 

.40 

8.01 

0.18E06 0.22ElO 

0.18E06 .38 0.22ElO .99 

0.13E19 0.61E17 

0.563-23 0.28E24 

0.563-23 7.8 0.283-24 18.84 

0.733-38 0.123-37 

is the fastest followed by MF-MEBDF and the MEBDF. If we only compare MF-MEBDF with 

MEBDF, we notice that using MF-MEBDF, we obtained better accuracy with less time. 

EXAMPLE 2. We consider the following system presented by Cash [6]: 

Y: + fY1 = 0, Yl(O) = 1, 

Y; + Y2 = 0, Yz(0) = 1, 

y; + lOOy3 = 0, Y3(0) = 1, 

y; + 9oy4 = 0, Y4(0) = 1, 

with stiffness = 200. 

In Table 2, we list the results obtained by MF-MEBDF and compared with MEBDF results 

given by Cash in [6] at t = 20. As we see from this table, it is clear that the result obtained by 

MF-MEBDF is superior to that obtained by MEBDF. 

EXAMPLE 3. We consider another stiff system as considered by Cash [2]. 

y: + O.ly1 + 49.9y2 

ylz + 50~2 

y; - Toy2 + 12oy3 

with stiffness ratio = 1200 and exact solution 

= 0, Yl(O) = 2, 

= 0, Y2(0) = 1, 

= 0, Y3(0) = 2, 

y1(t) = e-sot + e--t, yz(t) = emsot, y3(t) = eWsot + e-120t. 

In Table 3, we list the error of the computed solutions obtained by the MEBDF and MF-MEBDF 

methods. As we see, MF-MEBDF results are again superior to those of MEBDF. 

EXAMPLE 4. The following problem has been considered by Cash [4] to compare the CBD and 

EBD schemes. He gives the exact solutions at some selected points. We also use these points to 

give numerical results obtained by MF-MEBDF: 

y; = 0.01 - (0.01 + Yl + Y2) (Y:’ + lOOlY1 + 1001) , 

y; = 0.01 - (0.01 + yr + yz) (1+ y;> ) 

with initial value y(0) = (0, O)T. 
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Table 2. 

t 

0.2 

0.4 

0.6 

0.8 

1.0 

l- MF-MEBDF 1 MEBDF l- 
Exact Solution 

Error 

0.70E18 

0.14E17 

0.553-16 

0.24E15 

0.493-17 

O.llE16 

0.233-24 

0.743-23 

O.lOE17 

0.59E17 

0.71E33 

0.16E30 

0.12E16 

O.llE16 

O.lQE41 

0.343-38 

0.223-16 

0.223-16 

0.50E50 

0.653-46 

Time 1 Error Time 

0.16ElO 

8.18730753077982EOl 

2.061153622438563-09 

0.60ElO 
.ll 

0.393-17 
.22 

0.14E15 

Yl 8.18730753077982EOl 

Y2 6.70320046035639EOl 

Y3 4.248354255291583-18 

Y4 2.319522830243573-16 

0.67ElO 

0.14EOQ 
.17 

0.133-24 
.50 

0.313-23 

Yl 7.40818220681718EOl 

Y2 5.48811636094026EOl 

Y3 8.756510762696523-27 

Y4 3.53262857220081E24 

0.67ElO 

0.60ElO 
.22 

0.823-33 
.71 

0.20E30 

MF-E 

Error 

O.lOE06 

0.373-06 

0.24ElO 

0.31EOQ 

0.923-07 

0.30E06 

0.97ElQ 

0.393-17 

0.833-07 

0.253-06 

0.303-27 

0.88E25 

0.74EO7 

0.20E06 

0.823-36 

0.173-32 

0.66E07 

0.17E06 

0.213-44 

0.33E40 

Yl 6.70320046035639EOl 1 0.31EOQ 

Y2 4.49328964117222EOl 0.40EOQ 
.38 

1.804851387845423-35 
.QQ 

Y3 0.14E40 

Y4 5.38018616002116E32 0.773-37 
- 

6.06530659712633EOl 0.51EOQ 

3.67879441171442EOl 0.61EOQ 
.42 

3.720075976020863-44 
1.21 

0.353-52 

8.194012623990573-40 0.443-44 

~~ 

‘F 

Time 

.05 

.ll 

.16 

.lQ 

.20 

EXAMPLE 5. In this example, we present the Robertson’s problem 

y: = -0.04y1 + 104yzys, 

y; = 0.04yr - 104yzys - 3 x lO’y,2, 

y; = 3 x lO’y$ 

with initial values y(0) = [l, 0, OIT. In Table 5, we present, just for comparison, the numerical 
solution of this problem using MF-MEBDF, MEBDF and those obtained by LSODE taken from 

Shampine [7]. As can be seen, the numerical results obtained by the two methods MEBDF and 

MF-MEBDF are the same at least up to ten digits. For t = 4000, the MF-BDF did not converge, 

but MEBDF and MF-MEBDF were successful, but the running time of MF-MEBDF was much 

less than that of MEBDF. 

EXAMPLE 6. The following nonlinear stiff system is about a reactor problem: 

Y; = -TlY1, 

Y: = rlY1 + Tllr14y4 + T19f-14y5 - T3yZy3 - flSy2y12 - r2y2r 

y; = T2y2 - T5y3 - r3y2y3 - r7ylOy3 + Tllr14y4 + T12T14y6r 

Y: = r3y2y3 + ~11~14~4 - 7-4~4, 

y: = TlSy2y12 - T19r14y5 - %y5, 
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Table 3. 

Table 4. 

Exact Error in Error in Error in Error in 
t Yi 

Solution MF-MEBDF MF-BDF EBD CBD 

0.1 Y1 
-O.l096779217E-1 O.lOEll 0.40E08 0.49EO8 0.14E07 

I42 0.9879731668E3 0.21Ell 0.40E08 0.15E07 0.15E07 

0.01 y1 
-O.l006914044E-1 0.13ElO 0.16E07 0.853-06 0.283-06 

Y2 0.89789123503-4 O.llE12 0.793-09 0.623-08 0.15E07 

y1 
-0.6306050198_&2 O.lOE12 

0.001 
0.333-06 0.83E06 0.14E04 

Y2 0.3670275606E5 0.31E14 0.343-09 0.81E09 O.llE06 

0.001 Y1 
-0.9511426272E-3 0.223-13 0.61Ell 0.233-09 0.263-07 

Y2 0.48355910133-7 O.lOE17 0.60E13 0.223-12 0.26ElO 

Table 5. 

t 

0.4 

40. 

- 
Yi 

r 
2 

3 

T 

2 

3 

r 

2 

3 
- 

MF-MEBDF 

9.8517211386OEOl 

3.386395378983-05 

1.479402218543-02 

7.15827068719EOl 

9.185534764553-06 

2.84163745745EOl 

1.832022337873-01 

8.94236982469EO7 

8.167968719753-01 

MEBDF LSODE 

9.85172113861EOl 9.8517EOl 

3.386397378973-05 3.38643-05 

1.479402218543-02 1.47943-02 

7.158270687823-01 7.15823-01 

9.185534765643-06 9.18513-06 

2.841637457333-01 2.84173-01 

1.832022818483-01 1.83203-01 

9.942372681153-07 8.94233-07 

8.16794145152EOl 8.16803-01 

9; = ?‘!/lOY3 - T12T14Y6 - %Y6, 

Y; = T17YlOY12 + T2OT14Y7 - TlEY7, 

Y; = rS!hO - r13T14Y8 - TlOys, 

Y; = T4Y4 + T16Y5 + r8?,‘6 + flSY7, 

do = f5Y3 + T12T14?/6 + T2Or14Y7 - T13r14?h - 7-791093 - r17ylOy12 - 7%ylO - Tgylo, 

Y:1 = TlOY8, 

Y:2 = r6YlO + r19T14y5 + fZOT14Y7 - T15Y2Y12 - T17!/10?,‘12, 
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with ~1 = 7-g = 0.1, ~4 = r8 = r16 = ~18 = 2.5, ~10 = 5.0, 7’2 = ~8 = 10.0, ~14 = 30.0, ~3 = 

r7 = rg = rll = ~12 = r13 = r19 = ~20 = 50.0, 7-15 = ~-17 = 100.0 and the initial conditions are 

Yl=l ,?&=?J3=***=y12=0. 

In Table 6, we present the numerical solution of this problem obtained by the three methods 

MF-MEBDF, MEBDF, and LSODE at t = 100 and t = 1000. Table 6 show that the results of 

the first two methods are in good agreement, but the running time of MF-MEBDF was much 

less than that of MEBDF. 

Table 6. 

t = 100. 

Iii MF-MEBDF MF-BDF MEBDF LSODE 

1 4.53999293-05 4.5395519EO5 4.5364921EO5 4.449813-05 

2 4.51643853-07 4.51599983-07 4.5164385E07 4.426663-07 

3 4.5112647EO4 4.5109134EO4 4.51126473-04 4.472733-04 

4 . 6.7811736E12 6.7800210E12 6.78117363-12 -3.53257&11 

5 2.86258283-08 2.86230503-08 2.8625828EO8 2.815773-08 

6 6.62370273-11 6.6227017Ell 6.6237027Ell -9.67741E-11 

7 2.79610863-07 2.7958914E07 2.7961086E07 2.77615E07 

8 1.46573153-07 1.46561753-07 1.4657315E07 1.453223-07 

9 1.56225183-02 1.56224943-02 1.56225183-02 1.562303-02 

10 4.4115883E06 4.4112451E06 4.41158833-06 4.373943-06 

11 1.60103323-02 1.60103333102 1.60103323-02 1.60104E02 

12 9.52242473-01 9.5224256EOl 9.52242473-01 9.522463-01 

t = 1000. 

1 3.72007593-44 4.79539693-30 2.2222450E37 -2.654926-13 

2 3.70076103-46 4.7704988E32 1.7648277E37 2.60539E14 

3 3.70033703-42 2.17977243-28 1.82633463-35 -8.59563E-12 

4 4.55769633-89 2.2474086E57 3.5154124E32 6.29355E14 

5 2.34677063-47 3.02512563-33 1.2369028E38 -1.78065E-13 

6 4.4607781E87 9.9285799E56 8.3554841E32 5.714713-13 

7 2.29686713-45 1.3528512E31 2.14956953-38 -1.47561&12 

8 1.2034239E45 7.0881481E32 1.2373483E38 4.580783-15 

9 1.56309283-02 1.5630903E02 1.56309273-02 1.563143-02 

10 3.62206783-44 2.1333939E30 3.3897297E37 1.378783-13 

11 1.60183953-02 1.60183953-02 1.6018394E02 1.601843-02 

12 9.52719743-01 9.5271979EOl 9.52719733-01 9.527193-01 

5. PDE’S NUMERICAL RESULTS 

To apply this technique to time dependent partial differential equations of the forms given in 

the following examples, we apply the numerical Method Of Lines (MOL). In this method, the 

space domain is first divided into a finite discrete mesh. The spatial derivatives appearing in 

these equations are then approximated at each point in the mesh, by a suitable method such as 

finite difference, finite elements, or Tau method, etc. (note that on each line, we can also apply 

the same method). But here we use a five point finite difference formula for discretization. This 

results in a system of initial value problems taking the form 

Y’ = f@YY(t)), Y(to) = Yo. 

In the following examples, we apply the MEBDF and MF-MEBDF methods on this resulting 

system and compare these two methods. 
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EXAMPLE 7. Consider the following initial boundary value problem [8]: 

dU 
--+U2(1+zL), dt - 6x2 (2, t) E LO, IO] x [O, 11, 

with the exact solution l/(1 + ep@-@)) where p = d/2. 

In Table 7, with 15 and 40 lines, we present the exact error of solution obtained by the two 

methods MEBDF and MF-MEBDF. As this table confirms, the results are again in favor of 

MF-MEBDF method. Particularly, in view of running time, MF-MEBDF is much faster. 

Table 7. 

15 2.59E04 4.083-07 3.74 2.58EO4 
0.8 

4.543-07 10.21 

40 8.613-07 7.23ElO 9.56 2.453-06 1.06E08 119.6 

15 2.853-04 3.473-07 4.67 2.843-04 
1.0 

5.00E07 12.74 

40 1.05E06 1.433-09 11.92 3.01EO6 1.483-08 149.5 

EXAMPLE 8. Consider the following Burger’s equation which is well known [8]: 

(z, t) E 10, I] x k0, 11, 

with 

where 

z&t) = 
O.lA + 0.5B + C 

A+B+C ’ 

A = exp 
( 

-0.05(0 - 0.5 + 4.9t) 

0.15 > 
, 

B = exp 
( 

-0.25(x - 0.5 + .75t) 

0.15 > 
, 

C = exp 
( 

-0.5(x - 0.375) 

> 0.15 * 

In Table 8, with 15 and 45 lines, we present the exact error of solution obtained by the two 

methods MEBDF and MF-MEBDF. The results show that MF-MEBDF is much faster and more 

accurate than MEBDF. 

6. CONCLUSION 

Our overall conclusions for the codes are as follows. MF-BDF is usually the fastest of the 

three codes but its accuracy is not very much compared with the other two. MEBDF is more 

accurate than MF-BDF. MF-MEBDF is normally more accurate than the two codes MF-BDF 

and MEBDF. 

MF-MEBDF is much faster than MEBDF for large t in some problems like Examples 5 and 6. 

For these problems, MF-BDF failed to converge and MEBDF takes a long time to run but 
MF-MEBDF has been successful. 
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Table 8. 
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