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Abstract

In this paper a one parameter predictor–corrector method, which we call it A-EBDF, is introduced and analyzed.
With a modification of A-BDF and EBDF methods we propose a multistep method whose region of absolute stability
is larger than those of A-BDF and EBDF methods.
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1. Introduction

Let us consider the stiff initial value problem

y′(x) = f(x, y(x)), y(x0) = y0 (1.1)

on the finite intervalI = [x0, xN ], wherey : [x0, xN ] → R
m andf : [x0, xN ] ×R

m → R
m is continuous.

A potentially good numerical method for the solution of stiff systems of ODEs must have good accuracy
and some reasonably wide region of absolute stability[3]. A-stability requirement puts a severe limitation
on the choice of a suitable methods for stiff problems. In the last 30 years or so, numerous works have
been focusing on the development of more advanced and efficient methods for stiff problems. Most if
these improvements in the class of linear multistep methods have been based on backward differentiation
formula (BDF), because of its special properties.
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Among the first modification introduced by different authors was the extended backward differen-
tiation formula (EBDF) introduced by Cash[1] in which one superfuture point technique was ap-
plied. This method is A-stable up to order 4 andA(α)-stable up to order 9. In the MEBDF (modi-
fied EBDF) [2] and MF-MEBDF (Matrix free MEBDF)[6], the authors tried to optimize the neces-
sary computations of EBDF. With a blended application of implicit and explicit BDF, the so called
A-BDF method was introduced by Fredebeul[4] which has one free parameter and isA(α)-stable up to
order 7.

In this article a one parameter family of predictor–corrector schemes, which will be called A-EBDF,
are obtained on the basis of a hybrid application of A-BDF and EBDF. Analyzing this new scheme it is
shown that this method isA(α)-stable up to order 9 with a wider angleα, i.e., its region of stability is
larger than those of A-BDF and EBDF. The accuracy here is superior to that of compared favorably with
EBDFs. This article is organized as follows: Section 2 is devoted to the details of A-EBDF methods. In
Section 3 the stability analysis is carried out and Section 4 will be devoted to some numerical examples
of ODEs with different stiffness ratios and stability limitations.

2. Adaptive EBDF

In this section, with an interim mention of the algorithms EBDF and A-BDF and theirs properties, we
derive our new algorithm A-EBDF.

2.1. EBDF scheme

This method that introduced in 1980 by Cash[1] is taking the following general form
k∑

j=0

α̂jyn+j = hβ̂kfn+k + hβ̂k+1fn+k+1, (2.1)

whereα̂k = 1 and the other coefficients are chosen so that(2.1)has orderk + 1. For the coefficientŝβk

andα̂j see[1].
Assuming that the solution valuesyn, yn+1, . . . , yn+k−1 are available, the way in which(2.1) is used

in practice is by following the below mentioned stages:

• Stage 1. Computeȳn+k as the solution of thek-step BDF

yn+k − hβkfn+k = −
k−1∑

j=0

αjyn+j (2.2)

• Stage 2. Computeȳn+k+1 by solving the following algebraic equation

yn+k+1 − hβkfn+k+1 = −αk−1ȳn+k −
k−2∑

j=0

αjyn+j+1 (2.3)

• Stage 3. Evaluate

f̄n+k+1 = f(xn+k+1, ȳn+k+1)
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Table 1
The comparison ofA(α)-stability of A-EBDF with other mentioned methods

k BDF A-BDF EBDF A-EBDF

p α p αmax p α p αmax

1 1 90 1 90 2 90 2 90
2 2 90 2 90 3 90 3 90
3 3 88 3 90 4 90 4 90
4 4 73 4 88 5 87.61 5 88.85
5 5 51 5 73 6 80.21 6 84.2
6 6 18 6 51 7 67.73 7 75
7 7 – 7 18 8 48.82 8 61
8 8 – 8 – 9 19.96 9 30.50

• Stage 4. Computeyn+k as the solution of

yn+k − hβ̂kfn+k = −
k−1∑

j=0

α̂jyn+j + hβ̂k+1f̄n+k+1 (2.4)

for the coefficientsβk andαj see[8].

Lemma 2.1. Given that

(i) formula(2.2) is of order k,
(ii) formula(2.1) is of orderk + 1,

(iii) the implicit algebraic equations definingȳn+k andȳn+k+1 are solved exactly, then formula(2.4)has
orderk + 1.

For proof see[5].
As we know the EBDF scheme isA(α)-stable fork = 1, 2, . . . , 8 and inTable 1we list the angles of

α.

2.2. A-BDF

This method, that is introduced by Fredebeul, has a large stability region, compared to BDF. It is a
blended method of implicit and explicit BDF that is defined as follows:

BDF(e)
k :

k∑

j=0

ᾱjyn+j = hβ̄kfn+k−1, (2.5)

BDF(i)
k :

k∑

j=0

αjyn+j = hβkfn+k, (2.6)

whereαk = ᾱk = 1 and the other coefficients are chosen so that above schemes have orderk.
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Then the corresponding adaptive BDF of degreek, or A-BDFk for short, is given by

BDF(i)
k − t BDF(e)

k = 0

or
k∑

j=0

(αj − tᾱj)yn+j = hβkfn+k − htβ̄kfn+k−1 (2.7)

• for all t ∈ R − {1} the method is of orderk,
• for some value oft, the method is zero-stable fork = 1, 2, . . . , 7
• the A-BDFk is A(α)-stable fork = 1, 2, . . . , 7 and the angles ofα are listed inTable 1. For details see

[4].

2.3. A-EBDF

Now we define an adaptivek-step formula as follows.
In the EBDF algorithm we use A-BDF scheme for predictors in stages 1 and 2 and correctyn+k by the

same formula(2.1).
So by assuming that the solution valuesyn, yn+1, . . . , yn+k−1 are available, to computeyn+k we carry

out the following stages:

• Stage 1. Computeȳn+k as the solution of thek-step A-BDF

k∑

j=0

(αj − tᾱj)yn+j = hβkfn+k − htβ̄kfn+k−1 (2.8)

• Stage 2. Computeȳn+k+1 as the solution of

k∑

j=0

(αj − tᾱj)yn+j+1 = hβkfn+k+1 − htβ̄kfn+k (2.9)

• Stage 3. Evaluate

f̄n+k+1 = f(xn+k+1, ȳn+k+1)

• Stage 4. Correctyn+k as the solution of

yn+k − hβ̂kfn+k = −
k−1∑

j=0

α̂jyn+j + hβ̂k+1f̄n+k+1 (2.10)

We note that in implementing stages 1, 2 and 4 to integrate a nonlinear initial value problem, it is necessary
to solve a system of nonlinear algebraic equation for each of the required solutionsȳn+k, ȳn+k+1 andyn+k.
In each case, these algebraic equations are solved using a modified form of Newton iterationiterated to
convergence.
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By an analogous result ofLemma 2.1, for all values oft ∈ R − {1} this scheme is of orderk + 1. For
t = 0, one obtains EBDF.

Of course the analogical one parameter methods is introduced that in those the parameter is appeared
only in right hand of relation. See e.g.[7].

3. Stability analysis

We now examine the stability behavior of our approach and determine the restrictions which we need
to impose on the free parameter to obtain highly stable methods. If we apply(2.8) to the test problem
y′ = λy, we get

yn+k = −
k−1∑

j=0

αj − tᾱj

1 − t − h̄βk

yn+j − tβ̄kh̄

1 − t − h̄βk

yn+k−1, (3.1)

whereh̄ = λh, and from(2.9)we obtain

yn+k+1 = −
k−2∑

j=0

αj − tᾱj

1 − t − h̄βk

yn+k+1 − αk−1 − tᾱk−1 + th̄β̄k

1 − t − h̄βk

yn+k (3.2)

substituting(3.1) into (3.2)and collecting the terms, we obtain an expression of the form

ȳn+k+1 =
k−1∑

j=0

γjyn+j, (3.3)

where

γ0 = (α0 − tᾱ0)(αk−1 − tᾱk−1 + th̄β̄k)

(1 − t − h̄βk)2
,

γj = −(αj−1 − tᾱj−1)(1 − t − h̄βk) + (αj − tᾱj)(αk−1 − tᾱk−1 + th̄β̄k)

(1 − t − h̄βk)2
, j = 1, 2, . . . , k − 2,

γk−1 = −(αk−2 − tᾱk−2)(1 − t − h̄βk) + (αk−1 − tᾱk−1 + th̄β̄k)
2

(1 − t − h̄βk)2
.

If we apply(2.10)to the same scalar test equation we get

(1 − h̄β̂k)yn+k = −
k−1∑

j=0

α̂jyn+j + h̄β̂k+1yn+k+1. (3.4)

Substituting(3.3) into (3.4), we have

k∑

j=0

Cj(h̄)yn+j = 0,
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Table 2
The values oftopt for maximum angleα in A-EBDF

k topt

1 [−5.65,0.15]
2 [−0.781,0.745]
3 [−0.524,1)
4 −0.4
5 −0.33
6 −0.28
7 −0.25
8 −0.14

where

Ck = 1 − h̄β̂k, Cj = α̂j − h̄β̂k+1γj, j = 0, 1, . . . , k − 1.

Therefore, corresponding characteristic equation of thekth order difference equation of the A-EBDF is

π(ξ, h̄) =
k∑

j=0

Cjξ
j = 0. (3.5)

If in (3.5)we puth̄ = λh = 0, then by a theorem of Schur[8], we conclude that A-EBDF fort ∈ R−{1},
satisfies the root condition.

To obtain the region of absolute stability we use the boundary locus method[9]. By collecting coeffi-
cients of powers of̄h in (3.5), we have

Ah̄3 + Bh̄2 + Ch̄ + D = 0, (3.6)

whereA, B, C, D are functions ofξ. Insertingξ = eiθ, Eq. (3.6)gives us three roots̄hi(θ), i = 1, 2, 3,
which describe the stability domain.

The A-EBDF isA-stable forp ≤ 4 and isA(α)-stable for orders up to 9 with a wider angleα,
compared with BDF, A-BDF and EBDF. This comparison can be seen inTable 1. For example, for
k = 8 the EBDF is A(19.96)-stable, while A-EBDF is A(30.50)-stable, so is capable of producing stable
numerical solution for a larger class of stiff ODEs. The values oftopt and its corresponding maximum
value ofα for k = 1, 2, . . . , 8 are listed inTable 2.

4. Numerical results

In this section we present some numerical results to compare the performance of A-EBDF with that of
EBDF and BDF. We need to emphasize that we shall not compare accuracy of new method with that of
EBDF.

Example 4.1. The following problem has been considered by Cash[1] to compare EBDF and BDF
schemes. It is a reactor kinetics problem suggested by Liniger and Willoughby[9].

y′
1 = (0.01+ y1 + y2)(y

2
1 + 1001y1 + 1001), y′

2 = (0.01+ y1 + y2)(1 + y2
2)

with initial valuey(0) = (0, 0)T.
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Table 3
Results for integration of example 4.1

x yi Exact solution Error in A-EBDF Error in EBDF Error in BDF

0.1 y1 −0.1096779217E–1 0.93E–07 0.49E–08 0.14E–07
y2 0.9879731668E–3 0.10E–07 0.15E–07 0.15E–07

0.01 y1 −0.1006914044E–1 0.10E–06 0.85E–06 0.28E–06
y2 0.8978912350E–4 0.10E–09 0.62E–08 0.15E–07

0.001 y1 −0.6306050198E–2 0.28E–07 0.83E–06 0.14E–04
y2 0.3670275606E–5 0.27E–10 0.81E–09 0.11E–06

0.001 y1 −0.9511426272E–3 0.12E–09 0.23E–09 0.26E–07
y2 0.4835591013E–7 0.12E–12 0.22E–12 0.26E–10

In Table 3we list the error of the computed solution obtained by the A-EBDF and compare it with those
given by Cash for EBDF and BDF. To evaluate the approximation values of the solution at a givenx, the
step-lengthh = x/10 is used and in A-EBDF withk = 6, we putt = −0.2.

Example 4.2. Consider another stiff system:

y′
1 = −y1 − 15y2 + 15 e−x, y′

2 = 15y1 − y2 − 15 e−x

with initial valuey(0) = (1, 1)T.

Its exact solution is

y1(x) = y2(x) = e−x.

This system has eigenvalues of large modulus lying close to the imaginary axis−1± 15I. It can be seen
that the 4-step BDF becomes unstable whereas the 3-step EBDF and 6-step A-EBDF (witht = −0.2)
remains stable. We tabulate the error results inTable 4.

Example 4.3. The following stiff initial value problem arose from a chemistry problem

y′
1 = −0.013y2 − 1000y1y2 − 2500y2y3, y′

2 = −0.013y2 − 1000y1y2, y′
3 = −2500y2y3

with initial valuey(0) = (0, 1, 1)T.

Table 4
Results for integration of example 4.2

x yi Exact solution Error in A-EBDF Error in EBDF Error in BDF

5.0 y1 0.6737946999E–2 0.54E–08 0.16E–07 0.19E–03
y2 0.6737946999E–2 0.13E–08 0.32E–07 0.15E–03

10.0 y1 0.4539992976E–4 0.46E–10 0.99E–10 0.90E–01
y2 0.4539992976E–4 0.37E–10 0.18E–09 0.63E–01

20.0 y1 0.2061153262E–8 0.73E–14 0.11E–11 21672.865
y2 0.2061153262E–8 0.67E–13 0.83E–14 1096.9431
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Table 5
Results for integration of example 4.3

x yi Exact solution Error in A-EBDF Error in EBDF

2.0 y1 −0.3616933169289E–5 0.57E–09 0.46E–10
y2 0.9815029948230 0.22E–06 0.91E–07
y3 1.018493388244 0.22E–06 0.92E–07

Table 6
Results for integration of example 4.4

x yi Exact solution Error in A-EBDF

1.0 y1 0.303265331217737E–0 0.38E–07
y2 0.303265330376617E–0 0.39 E–07
y3 −0.303265329336316E–0 0.38E–07

5.0 y1 0.410424993119494E–1 0.14E–08
y2 0.410424993119494E–1 0.14E–08
y3 −0.410424993119494E–1 0.14E–08

10.0 y1 0.336897349954273E–2 0.22E–09
y2 0.336897349954273E–2 0.22E–09
y3 −0.336897349954273E–2 0.22E–09

We solve this problem atx = 2 and tabulate the results inTable 5.

Example 4.4. Consider the system of differential equations:

y′
1 = −20y1 − 0.25y2 − 19.75y3, y′

2 = 20y1 − 20.25y2 + 0.25y3,

y′
3 = 20y1 − 19.75y2 − 0.25y3

with initial valuey(0) = (1, 0, −1)T.

The theoretical solution is

y1 = 1
2(e

−0.5x + e−20x( cos(20x) + sin(20x))), y2 = 1
2(e

−0.5x − e−20x( cos(20x) − sin(20x))),

y3 = −1
2(e

−0.5x + e−20x( cos(20x) − sin(20x))).

The system is integrated by A-EBDF and the results are tabulated inTable 6at different values ofx.

References

[1] J.R. Cash, On the integration of stiff systems of ODEs using extended backward differentiation formula, Numer. Math. 34 (2)
(1980) 235–246.

[2] J.R. Cash, The integration of stiff initial value problems in ODEs using modified extended backward differentiation formula,
Comut. Math. Appl. 9 (5) (1983) 645–657.

[3] G. Dahlquist, A special stability problem for linear multistep methods, BIT 3 (1963) 27–43.



G. Hojjati et al. / Mathematics and Computers in Simulation 66 (2004) 33–41 41

[4] C. Fredebeul, A-BDF: a generalization of the backward differentiation formulae, SIAM J. Numer. Anal. 35 (5) (1998)
1917–1938.

[5] E. Hairer, G. Wanner, Solving ordinary differential equation, II, Stiff and Differential-Algebric Problems, Springer, Berlin,
1996.

[6] S.M. Hosseini, G. Hojjati, Matrix-free MEBDF method for numerical solution of systems of ODEs, Math. Comput. Modell.
29 (1999) 67–77.

[7] G. Ismail, I. Ibrahim, A new order effective P-C methods for stiff systems, Math. Comput. Simul. 47 (1998) 541–552.
[8] J.D. Lambert, Computational Methods in Ordinary Differential Equations, Wiley, New York, 1972.
[9] W. Liniger, R.A. Willoughby, Efficient numerical integration of stiff systems of ordinary differential equations, Technical

Report RC-1970, Thomas J. Watson Research Center, Yorktown Heihts, New York, 1976.


	A-EBDF: an adaptive method for numerical solution of stiff systems of ODEs
	Introduction
	Adaptive EBDF
	EBDF scheme
	A-BDF
	A-EBDF

	Stability analysis
	Numerical results
	References


