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Multi criteria decision making (MCDM) problems are usually under uncertainty. One of these uncertain
parameters is the decision maker (DM)’s degree of optimism, which has an important effect on the
results. Fuzzy linguistic quantifiers are used to obtain the assessments of this parameter from DM and
then, because of its uncertainty it is assumed to have stochastic nature. A new approach, entitled FSR-
OWA, is introduced to combine the Fuzzy and Stochastic features into a Revised OWA operator.

If the DM is not aware of the risk in decision, then the decision objective is to maximize the expected
combined goodness measure. If the DM cares only about the risk, then minimizing the variance of the
combined goodness measure is his/her objective. The results of the FSROWA provide the expected value
and the variance of the combined goodness measure for each alternative. In order to combine these two
attributes a composite goodness measure is introduced. This measure gives more robust decision out-
comes. The theoretical results are illustrated in a watershed management problem.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

The multi criteria decision making (MCDM) models face differ-
ent kinds of uncertainty, which generally could be taken into ac-
count by using stochastic analysis or fuzzy set theory. Stochastic
approach suits the condition when a probabilistic data set repre-
sents the uncertainty. Fuzzy approach is appropriate when param-
eters are subjective and vague. Some of the earlier studies on
Stochastic MCDM and Fuzzy MCDM are briefly described next.

1.1. Stochastic nature

Goicoechea et al. (1982) introduced the PORTRADE method.
This method requires an assessment of the Decision Maker
(DM)’s multi-attribute utility function and uses chance constraints
to find a tradeoff between expected levels of the objective func-
tions and their respective probabilities of achieving desired levels.
STRANGE, introduced by Teghem et al. (1986) is a progressive
articulation scenario-based technique that assumes given discrete
sets of model parameters, each with its own subjective probability
of occurrence. Stancu-Minasian (1984) gives a survey of earlier
methodologies developed in stochastic MCDM. Changchit and Ter-
rell (1993) propose a model for stochastic goal programming to be
used in water resources management. Ben Abdelaziz et al. (1999)
ll rights reserved.
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mi).
analyze the efficiency of stochastic MCDM problems with discrete
random variables. Solutions of stochastic MCDM problems are usu-
ally obtained by using two transformations: the stochastic problem
is transformed first into its equivalent deterministic problem, and
then the MCDM problem is rewritten into a single objective opti-
mization problem. Caballero et al. (2004) examine whether the or-
der in which these two transformations are applied influences the
obtained efficient solution. More recently, Hahn (2006) develops a
stochastic formulation of the Analytic Hierarchy Process (AHP)
based on Bayesian categorical data models. Lahdelma and Salmi-
nen (2006) introduce the SMAA-D method, which is a combination
of data envelopment analysis and stochastic multi criteria accept-
ability analysis to handle uncertain and imprecise data.

1.2. Fuzzy nature

Bellman and Zadeh (1970) extended fuzzy set theory into deci-
sion making. Zimmermann (1978) shows the consequences of
using different ways of combining individual objective functions
in order to determine an optimal compromise solution in fuzzy
environment. The works of (Chen and Hwang, 1991; Ribeiro,
1996; and Wang, 2000) have comprehensive literature reviews
on fuzzy MCDM methodology. More recently, Triantaphyllou and
Lin (1996) evaluate five fuzzy MCDM methods: fuzzy SAW model,
fuzzy weighted product model, fuzzy AHP, revised fuzzy AHP and
fuzzy TOPSIS. Bender and Simonovic (2000) develop fuzzy compro-
mise programming and applied it to solve a water resources
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management problem. Chen (2000) extends the fuzzy TOPSIS
method into group decision making when the evaluations of the
alternatives versus the criteria use linguistic variables. Shamsuzz-
aman et al. (2003) present a computational approach that com-
bines fuzzy sets with the AHP method. Xu and Chen (2007)
develop an interactive method for group MCDM in fuzzy environ-
ment for situations where only partial information is available
about the criteria weights.

Stochastic and fuzzy MCDM methodologies are compared in
some studies: Slowinski and Teghem (1990) compare these two
approaches and define a guideline for method selection based on
the following four criteria: the type of information at one’s dis-
posal, the way in which the DM perceives and defines the impreci-
sion of the data, the personality of the DM collaborating with the
analyst, and the information that the DM wishes to obtain. The
main difference in problem solving between stochastic and fuzzy
MCDM methods is that stochastic MCDM counts all ways to
accomplish a task but fuzzy MCDM looks for a best way to do
the job (Buckly, 1990). Roubens and Teghem (1991) claim that fuz-
zy MCDM models are better than the stochastic approach in mod-
eling the uncertainty of the constraints and reversely, stochastic
MCDM models are more precise in modeling the parameters and
the coefficients of the objective function. Solving a fuzzy MCDM
problem is usually easier than solving a stochastic MCDM problem
(Inuiguichi and Ramik, 2000). However, most of the earlier works
on MCDM models under uncertainty do not utilize the mixture of
the different types of uncertainty in a given problem and they as-
sume the existence of either only stochastic or only fuzzy uncer-
tainty. Therefore, these methods cannot be used if different kinds
of uncertainty are present, however ideas of the only fuzzy and
only stochastic approaches can be successfully combined and uti-
lized. Brief descriptions of some of the most important such studies
are given below.

1.3. Fuzzy-stochastic nature

The focus of the new researches on MCDM problems is con-
sidering both stochastic and fuzzy uncertainties. Raju and Ku-
mar (1998) quantify the vagueness and imprecision of the
parameters of the objective functions by using fuzzy member-
ship functions and model the uncertainty of the water inflow
data by randomization. This approach is tailored to the particu-
lar structure of the problem under consideration and it cannot
be applied in general without appropriate modifications. Huang
et al. (2001) incorporate chance-constrained programming and
fuzzy linear programming within a general interval-parameter
mixed-integer linear programming framework and apply this
model for a solid waste management problem. This method
can be applied only in the case of linear models. Ben Abdelaziz
et al. (2004) develop a chance constrained goal programming
approach including fuzzy numbers and apply this method to a
reservoir operation problem. This approach is an extension of
an important MCDM method, so it can be used only if goal pro-
gramming is the right technique to solve the problem. Maqsood
et al. (2005) introduce an interval-parameter fuzzy two stage
stochastic programming model for obtaining optimal water allo-
cation from a reservoir. This method is based on the special
two-stage decision structure of the problem, so it cannot be
considered as a general tool. Integrated fuzzy-stochastic model-
ing (IFSM) approach is developed by Li et al. (2008) for assess-
ing air pollution impacts. This model is based on Monte Carlo
simulation of the inputs, the quantification of the evaluation
criteria by using fuzzy membership functions, and risk assess-
ment based on the obtained combined fuzzy-stochastic informa-
tion. The extension of this work to solve large classes of MCDM
problems needs further studies.
These earlier works, consider only continuous multi-objective
programming problems and not problems with distinct alterna-
tives. In this paper the simple fuzzy-stochastic MCDM model of
Zarghami et al. (2008) is revised and also extended to consider
the fuzzy and stochastic uncertainties more precisely and also
simultaneously. Our approach is based on the application of the
OWA operator, which is a general tool of assessing the priorities
of the decision makers. So it can be applied under general condi-
tions, since it is not based on any special model structure. The pa-
per develops as follows: in Section 2 we will define OWA to create
the combined goodness measure for each alternative. Fuzzy lin-
guistic quantifiers will be then used to find the degree of optimism
of the DM. In Section 3 a new method will be introduced to obtain
the order weights of the OWA operator. The degree of optimism
will be randomized to model its uncertainty and based on this ap-
proach a composite goodness measure will be defined. In Section 4
a real case study will be introduced and analyzed to find the most
satisfying decision alternative and finally Section 5 concludes the
paper.

2. The OWA operator

There are three basic types of aggregation operators known
from the fuzzy set literature: operators for the intersection of fuzzy
sets (e.g. the Min operator), operators for the union of fuzzy sets
(e.g. the Max operator), and averaging operators. Yager (1988)
introduced a special aggregation technique based on the ordered
weighted averaging (OWA) operator, which is a common general-
ization of the three basic aggregation functions (Max, Min and the
arithmetic mean). It satisfies the following condition:

FMinða1; a2; . . . ; anÞ 6 FOWAða1; a2; . . . ; anÞ 6 FMaxða1; a2; . . . ; anÞ: ð1Þ

Since its introduction, the OWA operator has been used in many
fields including neural networks, database systems, fuzzy logic con-
trollers, expert systems, market research, linguistic quantified prop-
ositions, mathematical programming, lossless image compression,
and also in solving MCDM problems (Xu and Da, 2003).

An n-dimensional OWA operator assigns a combined goodness
measure for each alternative in a MCDM problem as

FOWAða1; a2; . . . ; anÞ ¼
Xn

j¼1

wjbj ¼ w1b1 þw2b2 þ � � � þwnbn; ð2Þ

where FOWA:In
´ I, and bj is the jth largest element in the set of in-

puts {aj} which are assumed to belong to the unit interval. The coef-
ficients, wj, are the order weights such that wj P 0 and

Pn
j¼1wj ¼ 1.

In this study, aj represents the distance between the evaluations of
an alternative and the components of the nadir. The objective is to
maximize FOWA. Notice that the components of the input vector
have been ordered before multiplying them by the order weights.

The order weights depend on the DM’s degree of optimism
(well known as Orness degree) (Yager, 2002). If the weights at
the beginning of the weight vector become larger, then the degree
of optimism (risk acceptance) of DM also becomes larger. Based on
the weights for the OWA operator Yager (1988), defined the degree
of optimism, h, as follows:

h ¼ 1
n� 1

Xn

j¼1

ðn� jÞwj: ð3Þ

The three major states of h and the relevant optimistic and pessi-
mistic views of the DM are shown in Fig. 1.

Xu (2005) gives a general overview of the different methods for
determining the order weights. One of the most frequently used
methods is based on the fuzzy linguistic quantifiers. In natural lan-
guages we use many linguistic terms such as most, few, many, and
about half. Zadeh (1983) called them linguistic quantifiers and



Fig. 1. Three states for the degree of optimism.
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Fig. 2. Flowchart for the new system.
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suggested to model these linguistic quantifiers by fuzzy sets. They
are used to characterize the aggregation inputs in an OWA opera-
tor. In this paper these linguistic quantifiers are modeled by Regu-
lar Increasing Monotonic (RIM) quantifiers, Q, in which the more
objects are included, the higher is the satisfaction of the DM. That
is, Q(r1) P Q(r2) as r1 P r2. Yager (1988, 1993b) supposed an input
vector, {bj}, j = 1, 2, . . .,n, to evaluate an alternative with respect to n
criteria, such that bj = 1 for j 6 k and bj = 0 for j > k. This indicates
that k of the criteria are completely satisfied and the rest are com-
pletely unsatisfied. In this situation we have:

FOWAða1; a2; . . . ; anÞ ¼
Xn

j¼1

wjbj ¼
Xk

j¼1

wj ¼ Sk:

Thus Sk is the satisfaction degree of the DM for the k/n portion of the
criteria. The marginal satisfaction is defined as the weight of satis-
fying only one criterion in that order, or wj = Sj � Sj�1. Yager (1988,
1993b) explained the meaning of fuzzy quantifiers to construct bet-
ter models. He suggested to obtain the weights of an n-dimensional
OWA operator as

wj ¼ Q
j
n

� �
� Q

j� 1
n

� �
; j ¼ 1;2; . . . ;n: ð4Þ

The type of the RIM quantifiers can be defined in questioning the
DM how many criteria he/she wants to consider. The DM’s degree
of optimism, h, can be calculated by using these quantifiers. Yager
(1996) derived the following relation for RIM quantifiers:

h ¼
Z 1

0
QðrÞdr ð5Þ

which can be obtained from Eqs. (3) and (4) as n tends to infinity.

3. New method: FSROWA

In this study, a new approach entitled Fuzzy-Stochastic-Revised
Ordered Weighted Averaging (FSROWA) method is introduced.
This new model consists of the following main steps:

Step 1 The combined goodness measure for each alternative is pro-
duced by using the Revised OWA operator.

Step 2 The DM’s degree of optimism is obtained by using fuzzy lin-
guistic quantifiers.

Step 3 The degree of optimism is randomized, and a probability
density function (PDF) of its value is assumed.

Step 4 A robust decision is obtained by aggregating the expected
value and variance of the combined goodness measure for
each alternative.

Fig. 2 shows the flowchart of the entire system.
The details of these steps are next described.

3.1. Revised OWA by using fuzzy linguistic quantifiers

Using the same semantics of fuzzy quantifiers in Eq. (4), the dif-
ference operation can be replaced by the first derivative of the fuz-
zy linguistic quantifier Q as follow:
dQ
dr
¼ lim

Dr!0

QðrÞ � Qðr � DrÞ
Dr

:

In the special case when n is large, we may select Dr = 1/n, and so

dQ
dr
� QðrÞ � Qðr � 1=nÞ

1=n
:

Yager (1993a) approximated the value of dQ/dr at r = j/n by using
Eq. (4) as

dQ
dr

����
r¼j=n

� Qðj=nÞ � Qððj� 1Þ=nÞ
1=n

¼ wj

1=n
;

that is,

wj �
1
n

dQ
dr

����
r¼j=n

: ð6Þ

Liu (2005) calls the term Q0 as the generating function of the
quantifier, Q. We can now introduce a revised method to obtain
the weights by applying Eq. (6) with the exact derivative and
with j/n being replaced by 1 � bj. One reason of this choice is
the assumption that the DM is satisfied by the goodness of the
evaluations measures of the criteria and not only by their relative
orders. Another reason of this choice is the desire to reflect in the
weight selection how close the consecutive alternatives are from
each other. If their values are very close to each other, then they
must have very similar weights, and if their values are very dif-
ferent, then it has to be shown in their weights as well. So it is
not sufficient that the weights depend on only the order of the
evaluation numbers, they have to depend on their actual values
as well. Thus we select

�wj ¼
1
n

dQ
dr

����
r¼1�bj

; ð7Þ

where {bj} is the ordered set of the inputs aj with b1 P b2 P � � �P bn

or (1 � b1) 6 (1 � b2) 6 � � � 6 (1 � bn). It can be easily shown from
Eq. (7) that with a convex quantifier representing the pessimistic
view, the wj values will become larger for larger inputs rather than
for smaller inputs. Reversely, the wj values are larger for smaller in-
puts rather than for larger inputs by using a concave quantifier rep-
resenting the optimistic nature of the DM. For example, the
quantifier shown in Fig. 3 is concave, which characterizes an opti-
mistic DM. Its derivative is decreasing, therefore, smaller value of
1 � bj generates larger weight. In the case of convex quantifiers,
their derivatives are increasing, so larger value of 1 � bj generates
larger weight.



Fig. 3. Determining the OWA weights by using the derivatives of the RIM
quantifiers.

262 M. Zarghami, F. Szidarovszky / European Journal of Operational Research 198 (2009) 259–265
In the original form (6) of the weights, the sum of the weights is
the same for all alternatives. Therefore, in selecting the best alter-
native there is no need to normalize the weights. However, in the
new approach the weights are recalculated for each alternative
resulting in different sums. Therefore, in this case we normalize
the �wj values as

wj ¼
�wj

W
ð8Þ

with W ¼ �w1 þ �w2 þ � � � þ �wn.
This method of weights selection can be called Revised OWA or

ROWA since it is based on the exact derivative of the quantifier.
The ROWA operator with weights (8) and any fuzzy linguistic
quantifier is a neat operator since the combined measure, FROWA,
is independent of the ordering of the inputs:

FROWAða1; a2; . . . ; anÞ ¼
Xn

j¼1

wjbj ¼
1

Wn

Xn

j¼1

Q 0ð1� bjÞbj

¼ 1
Wn

Xn

j¼1

Q 0ð1� ajÞaj: ð9Þ

An additional advantage of using neat OWA operators in compari-
son to the original version of OWA is due to the fact that in this case,
more attention is given to the context of the problem (e.g. to the
values bj). It is however a disadvantage of ROWA that the weights
have to be calculated separately for each alternative.

3.2. Stochastic simulation for the degree of optimism

In reality the decision problem faces uncertainty in both the
evaluations of the alternatives and in the degree of optimism.
Torra and Godo (1997) investigate the case when only the eval-
uations of the alternatives are uncertain. In this study, the DM’s
degree of optimism is assumed to be uncertain. This uncertainty
is modeled by a stochastic approach. It is therefore, reasonable
to randomize the degree of optimism and assess a PDF, f(h),
for its value. Using this PDF we can generate many random val-
ues of the degree of optimism, and consequently it will result in
a large sort of random values of the combined goodness measure
for each alternative.

The degree of optimism, h, has direct relation with the parame-
ters of the fuzzy quantifier as it is clear from Eq. (5). Any change in
the value of h will alter the shape of the fuzzy quantifier and there-
fore, the order weights of the OWA will be also changed.
3.3. Composite goodness measure

Generally if the DM is not aware of the risk, then his/her objec-
tive is to maximize the expected value of the combined goodness
measure. If the DM cares about only the risk, then minimizing
the variance of the combined goodness measure is his/her priority.
These objectives, maximizing expectation and minimizing vari-
ance, are usually conflicting with each other, therefore, we have
to find a tradeoff between them by introducing a combination of
expectation and variance, as it is usual in the mathematical eco-
nomics literature (Markowitz, 1959; Milgrom and Roberts, 1992;
Ballestero and Romero, 1996; Choi et al., 2008):

EðFROWAÞ � bVarðFROWAÞ; ð10Þ

where b is a positive weight showing the importance of decreasing
risk in comparison to increasing the expected payoff. The most
probable value of b can be chosen by repeated interaction with
the DM based on model outputs.

The expectation and variance of FROWA (9) can be obtained as
follows:

EðFROWAÞ ¼
Xn

j¼1

Z 1

0

Q 0ð1� ajÞajPn
l¼1Q 0ð1� alÞ

f ðhÞdh ð11Þ

and

VarðFROWAÞ ¼
Z 1

0

Xn

j¼1

Q 0ð1� ajÞajPn
l¼1

Q 0ð1� alÞ

0
BB@

1
CCA

2

f ðhÞdh� ðEðFROWAÞÞ2: ð12Þ

These relations include fuzzy set theory since they are based on
fuzzy linguistic quantifiers and are also based on the PDF of the
degree of optimism. Therefore, they belong to the class of fuzzy-
stochastic MCDM methodology.

4. Case study

There are 12 water resources projects under construction in the
Sefidrud watershed in the Northwestern region of Iran. These pro-
jects are concerned with several reservoirs and their water distri-
bution networks. The location of the watershed in the map of
Iran and the schematic view of the dams are shown in Fig. 4.

The watershed governing board has requested to find the most
robust alternative among these projects with respect to seven cri-
teria. The criteria and the evaluations of the projects with respect
to these criteria were done by a group of experts. Their opinion
is presented in Table 1.

Before applying the method, the original data of Table 1 are syn-
thesized as follows:

Step 1. The evaluations of the projects with respect to the criteria
are either linguistic or crisp numbers. The linguistic data
are transformed into crisp numbers according to the scale
shown in Table 2.

Step 2. The evaluations of the alternatives with respect to the crite-
ria are normalized into the unit interval [0, 1] by using the
linear transformation.

aj ¼
fj � fwj

f �j � fwj
: ð13Þ

Here, fj is the evaluation of an alternative with respect to criterion j; f �j
is the desired value of this criterion and fwj is its worst value. For posi-
tive criteria they are selected as the maximum and the minimum values
of the inputs, respectively. For negative criteria, they are selected in the
opposite order.



Fig. 4. Sefidrud watershed in the map of Iran and the schematic view of the dams.

Table 2
Linguistic variables and equivalent crisp numbers

Linguistic variables Number

Very low 0.05
Low 0.20
Slightly low 0.35
Medium 0.50
Slightly high 0.65
High 0.80
Very high 0.95

Table 1
Evaluations of the water resources projects with respect to seven criteria

Projects Allocation of water to prior
usages

Number of
beneficiaries

Supporting other
projects

Benefit/
cost

Range of environmental
impacts

Public
participation

Job
creation

Weights of criteria

VH SH H SH H (negative) H H

1 Sahand M VL SH 1.07 VL H VH
2 Shahriar SL VH SH 1.30 VL SH VH
3 Kalghan SL L M 1.20 L SH M
4 Germichai H M H 1.02 L M H
5 Givi SL VL VL 1.08 VL H H
6 Taleghan SH VH VH 1.00 SL SL SH
7 Talvar SH VH VL 1.20 VL VL SH
8 Galabar SH M VL 1.43 VL VL VH
9 Sanghsiah SL L SH 1.00 VL VL VH
10 Soral SL L M 1.00 VL VL VH
11 Siazakh SL VH H 1.00 VL VL VH
12 Bijar H VH VH 0.80 L VL VH

Table 3
The weighted normalized inputs

Projects Allocation of water to prior
usages

Number of
beneficiaries

Supporting oth
projects

1 Sahand 0.318 0.000 0.549
2 Shahriar 0.000 0.697 0.549
3 Kalghan 0.000 0.116 0.412
4 Germichai 0.954 0.349 0.686
5 Givi 0.000 0.000 0.000
6 Taleghan 0.636 0.697 0.823
7 Talvar 0.636 0.697 0.000
8 Galabar 0.636 0.349 0.000
9 Sanghsiah 0.000 0.116 0.549
10 Soral 0.000 0.116 0.412
11 Siazakh 0.000 0.697 0.686
12 Bijar 0.954 0.697 0.823
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Step 3. In the original version of OWA, the criteria weights are con-
sidered to be equal. However, in this case the weights are dif-
ferent (Table 1). Therefore, the normalized evaluations of the
alternatives are multiplied by their weights. The final evalu-
ation matrix is shown in Table 3.

4.1. Special assumptions

In this case study specific RIM quantifiers of the form Q(r) = ra,
as shown in Table 4, are defined in questioning the DM. The degree
er Benefit/
cost

Range of environmental
impacts

Public
participation

Job
creation

0.280 0.845 0.783 0.777
0.519 0.845 0.626 0.777
0.415 0.423 0.626 0.000
0.228 0.423 0.470 0.518
0.291 0.845 0.783 0.518
0.208 0.000 0.313 0.259
0.415 0.845 0.000 0.259
0.654 0.845 0.000 0.777
0.208 0.845 0.000 0.777
0.208 0.845 0.000 0.777
0.208 0.845 0.000 0.777
0.000 0.423 0.000 0.777



Table 4
Particular RIM quantifiers, Q(r) = ra

Quantifier Index of quantifier, a Degree of optimism, h

At least one of them a ? 0.0, (a = 0.01) 0.99
Few of them 0.10 0.90
Some of them 0.50 0.70
Half of them 1.00 0.50
Many of them 2.00 0.30
Most of them 10.00 0.10
All of them a ?1, (a = 100.00) 0.01

Table 5
Expected values and variances of the combined goodness measures

Projects c = 0.3

E (FROWA) Var (FROWA)

Sahand 0.2434 0.0163
Shahriar 0.2806 0.0304
Kalghan 0.1585 0.0056
Germichai 0.3823 0.0033
Givi 0.1181 0.0070
Taleghan 0.2205 0.0095
Talvar 0.1730 0.0109
Galabar 0.1790 0.0159
Sanghsiah 0.1369 0.0064
Soral 0.1351 0.0052
Siazakh 0.1628 0.0139
Bijar 0.1669 0.0178

Table 6
Ranking of the alternatives with various importance factors of the variance (c = 0.3)

b = 0.0 b = 1 b = 2 b = 3 b = 5

Germichai Germichai Germichai Germichai Germichai
Shahriar Shahriar Shahriar Sahand Taleghan
Sahand Sahand Sahand Taleghan Sahand
Taleghan Taleghan Taleghan Shahriar Kalghan
Galabar Galabar Talvar Kalghan Shahriar
Talvar Talvar Kalghan Talvar Talvar
Bijar Kalghan Galabar Galabar Soral
Siazakh Bijar Siazakh Siazakh Sanghsiah
Kalghan Siazakh Bijar Soral Galabar
Sanghsiah Sanghsiah Soral Sanghsiah Siazakh
Soral Soral Sanghsiah Bijar Givi
Givi Givi Givi Givi Bijar

264 M. Zarghami, F. Szidarovszky / European Journal of Operational Research 198 (2009) 259–265
of optimism of the DM, h, can be calculated by using the former Eq.
(5) as follow (Yager, 1996; Torra and Narukawa, 2007):

h ¼
Z 1

0
QðrÞdr ¼

Z 1

0
ra dr ¼ 1

aþ 1
: ð14Þ

Then a = (1 � h)/h and the shape of the quantifier, Q, relates directly
on the value of h. This simple computation of a from h, as in Eq. (14),
is due to the appropriate form of the quantifier (e.g. strictly mono-
tone increasing) and for the other types of the quantifiers the calcu-
lation could be different and complex.

In this study, we also assume that the PDF, f(h), is defined by the
triangular shape as shown in Fig. 5. The value of c is the most likely
value of the degree of optimism.

The PDF can be given as

f ðhÞ ¼
2

ðb�aÞðc�aÞ h� 2a
ðb�aÞðc�aÞ if a 6 h 6 c;

�2
ðb�aÞðb�cÞ hþ 2b

ðb�aÞðb�cÞ if c < h 6 b:

(
ð15Þ

As a further special case, we can reduce the number of model
parameters. When c < 0.5, that is the DM is pessimistic, the basin
[a, b] of the stochastic degree of optimism is selected as the interval
[0, 0.5] and the most likely value, c, is on the top of the triangular
PDF. If the DM is neutral, (c = 0.5), then the basin of the PDF is
[0.25, 0.75], and if he/she is optimistic (c > 0.5), then the basin is
[0.5, 1.0]. That is,

Basin of f ðhÞ ¼
½0;0:5� if 0 6 c < 0:5;
½0:25;0:75� if c ¼ 0:5;
½0:5;1� if 0:5 < c 6 1:

8><
>: ð16Þ

Using the special function forms (14) and (15), the expectation and
variance of the combined goodness measure can be obtained by
computing integrals (11) and (12). They have very complicated ana-
lytic expression, however their values can be obtained by applying
Monte-Carlo simulation or routine numerical integrator (such as
the Simpson’s rule or Gauss-integrals).

The variance of the combined goodness measure has a special
meaning. The greater the variance, the larger is the uncertainty
Fig. 5. A triangular PDF (a, c, b).
in the combined goodness measure for the various stakeholders,
leading to lower level of the consensus. The level of consensus
has therefore, a direct relation with the robustness of the decision.

For this case study the DM selected the quantifier of ’many of the
criteria’, then the most likely degree of optimism is c = 0.3 accord-
ing to Table 4. The expected values and the variances for each alter-
native, by using Eqs. (11) and (12), are computed and then listed in
Table 5 for this most likely degree of optimism. The maximum ex-
pected values and the variances are also indicated in Table 5 with
bold face numbers.

According to the results with respect to the expected values,
Germichai project is the most preferred project. Shahriar is also
the second most preferred alternative. Comparing the variances
and knowing that smaller variance represents safer decision, it is
clear that with respect to variance, Shahriar project is the least pre-
ferred alternative. Therefore, maximizing expectation and mini-
mizing variances are conflicting objectives. Because of this
conflict, we have to use the composite goodness measure (10).
The ranking of the alternatives by using (10) with five various b
values were computed, and the results are presented in Table 6.

Table 6 shows that Germichai is the most preferred and the
most robust decision. Shahriar and Sahand are the second and
third most preferred projects while Givi is the least preferred pro-
ject. Giving more importance to the variance (that is, selecting lar-
ger values of b) does not result in significant change in the ranks of
the best and the least preferred projects.

5. Conclusion

In this paper, a new method was introduced by revising the ori-
ginal version of the OWA operator. The new method takes the
uncertainty in the degree of optimism into account by using fuzzy
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linguistic quantifiers and stochastic density functions. It uses the
criteria values to achieve a better characterization of the DM’s sat-
isfaction. Therefore, it is a context based model in which the order-
ing of the initial inputs is not required, therefore, it is a neat
operator.

We considered the case of uncertain degree of optimism, and in
an important special case, the expectation and variance of the com-
bined goodness measures of the alternatives were determined. In
order to reach reliable decisions a composite goodness measure
was introduced that is a combination of the expectation and vari-
ance. This measure was used successfully in ranking the competi-
tive alternatives in a real case study, in which there are various
stakeholders with different degrees of optimism. Therefore, the
application of this new measure can result in more satisfying deci-
sion and better consensus among the stakeholders.
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